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(54) Title: TABLE-BASED LOW-LEVEL IMAGE CLASSIFICATION SYSTEM 
(57) Abstract 



A system for classifying image elements comprising 
means for converting an image into a series of vectors and 
a hierarchical lookup table that classifies the vectors. The 
lookup table implements a pre -computed discrete cosine trans- 
form (DCT) to enhance classification accuracy. The hierarchi- 
cal lookup table includes four stages: three of which constitute 
a preliminary section; the fourth stage constitutes the final sec- 
tion. Each stage has a respective stage table. The method for 
designing each stage table comprises a codebook design pro- 
cedure and a table fill-in procedure. Codebook design for the 
preliminary stages strives to minimize a classification-sensitive 
proximity measure; codebook design for the final stage attempts 
to minimize Bayes risk of misclassification. Table fill-in for 
the first stage involves generating all possible input combina- 
tions, concatenating each possible input combination to define 
a concatenated vector, applying a DCT to convert the address 
vector to the spatial frequency domain, finding the closest first- 
stage codebook vector, and assigning to the address the index 
associated that codebook vector. Table fill-in for subsequent 
stages involves decoding each possible input combination to 
obtain spatial frequency domain vectors, applying an inverse 
DCT to convert the inputs to pixel domain vectors, concatenat- 
ing the pixel domain vectors to obtain a higher dimension pixel 
domain vector, applying a DCT to obtain a spatial frequency 
domain vector, finding the closest same-stage codebook vector, 
and assigning the codebook vector index to the input combi- 
nation. The resulting classification system achieves improved 
performance by removing the requirement for computation dur- 
ing image transformation and classification. 
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TABLE-BASED LOW-LEVEL IMAGE CLASSIFICATION SYSTEM 

BACKGROUND OF THE INVENTION 

The present invention relates to digital image analysis and, more particularly, to a low-level 
digital image classification system. A major objective of the present invention is to provide for 
5 fast, effective, low-level image classification that can be implemented with reduced 
hardware/software requirements. 

Humans engage in image classification whenever they look at an image and identify objects 
of interest. In images, humans readily distinguish: humans from other objects, man-made 
features from natural features, and text from graphics, etc. With specialized training, humans are 
1 0 adept at recognizing significant features in specialized images such as satellite weather images and 
medical tomographic images. 

Suitably equipped machines can be programmed and/or trained for image classification, 
although machine recognition is less sophisticated than human recognition in many respects. 
Computerized tomography uses machine classification to highlight potential tumors in tomographic 
1 5 images; medical professionals examining an image for evidence of tumors take advantage of the 
highlighting to focus their examination. Machine classification is also used independently; for 
example, some color printer drivers classify image elements as either text or graphics to determine 
an optimal dithering strategy for simulating full-range color output using a limited color palette. 

Most machine image classification techniques operate on digital images. Digital images are 
20 typically expressed in the form of a two-dimensional array of picture elements (pixels), each with 
one (for monochromatic images) or more (for color images) values assigned to it. Analog images 
to be machine classified can be scanned or otherwise digitized prior to classification. 

The amount of computational effort required for classification scales dramatically with the 
number of pixels involved at once in the computation. The number of pixels is the product of 

25 image area and image resolution, i.e., the number of pixels per unit area. As this suggests, faster 
classification can be achieved using lower resolution images, and by dividing an image into small 
subimages that can be processed independently; the total computation involved in classifying the 
many subimages can be considerably less burdensome than the computation involved in 
classifying an image as a whole. On the other hand, if the subimages are too small to contain 

30 features required for classification, or if the resolution is too low for relevant features to be 
identified, classification accuracy suffers. 

Successful "low-lever classification techniques depend on finding suitable tradeoffs 
between accuracy and computational efficiency in the selection of image resolution and in 

1 
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subimagc area. In general, subimage area can be imposed by the classification technique, whereas 
resolution is typically a given. In such cases, subimage area is typically selected to be the 
minimum required for acceptably accurate classification. The selected subimage area then 
determines the number of pixels per subimage, and thus the amount of computation required for 
5 classification. 

When image resolution is optimal for classification, the number of pixels required per 
subimage can be surprising small. For example, 8x8-pixel subimages are typically sufficient for 
distinguishing text from graphics; 4x4-pixel subimages are typically sufficient to distinguish man- 
made from natural objects in an aerial image; and 2x2-pixel subimages can be used to distinguish 
1 0 potential tumors from healthy tissue in a computerized tomographic image. Of course, subimages 
with greater numbers of pixels must be used if the image resolution is greater than optimal for 
classification purposes. 

Low-level classification strives to assign each subimage to a class. Ideally, the assignment 
would be error free. When this cannot be done, the goal is to minimize the likelihood of error, or, 
15 if some errors are more costly than others, minimize the average cost of the errors. Bayes decision 
theory and related statistical approaches are used to achieve the goals. The computations that are 
required must be iterated for each block. While it is reduced relative to full-view classification, 
the amount of computation required for low-level classification can still be excessive. 

Technological progress has provided both more powerful computers and more efficient 
20 image classification techniques. Rather than satisfy the demand for efficient image classification, 
these advances have fueled demand by proliferating the use of computerized images and raising 
expectations for real-time image processing. 

Recent developments on the Internet, particularly, the World Wide Web, illustrate the 
demand for communication of images, particularly in high-bandwidth applications such as 

25 interactive video and video conferencing. Internet providers targeting a large audience often must 
transmit not only the images but also applications, e.g., browsers, for viewing and interacting 
with the images. The unsophisticated consumers of these images are often not tolerant of delays 
that might be involved in any classification activities associated with these images. Furthermore, 
the image providers cannot assume that their consumers will have hardware dedicated to the 

30 classification activities, nor can the providers conveniently distribute such dedicated hardware. 

Thus, there is an increasing need for more efficient image classification techniques. 
Preferably, such techniques would achieve high performance even in software implementations 
that require only a fraction of the processing power available on inexpensive home and desktop 
computers. When embodied as software, the techniques should be readily distributed by image 
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providers. Whether hardware or software based (or both), improved image classification 
techniques are desired to enhance all the applications that depend on them. 

SUMMARY OF THE INVENTION 

The present invention provides an image classification system comprising means for 
5 converting an image into vectors and a lookup table for converting the vectors into class indices. 
Each class index corresponds to a respective class of interest. Performing classification using 
tables obviates the need for computations, allowing higher classification rates. 

The lookup table can be single-stage or multi-stage; a multi-stage lookup table permits 
classification to be performed hierarchically. The advantage of the multi-stage table is that the 
1 0 memory requirements for storing the table are vastly reduced at the expense of a small loss of 
classification accuracy. 

Multi-stage tables typically have two to eight stages. Only the last stage table operates on 
blocks of the size selected to allow acceptably accurate classification. Each preceding stage 
operates on smaller blocks than the succeeding stage. The number of stages is thus related to the 
1 5 number of pixels per block. 

For example, a four-stage table can be used to classify 4x4 pixel blocks. For each 4x4 
image block, the first stage can process sixteen individual pixels in pairs to yield eight indices 
corresponding to eight respective 2x1 pixel blocks. The second stage can convert the eight 2x1 
blocks indices to four 2x2 block indices. The third stage can convert the four 2x2 block indices to 
20 two 4x2 block indices. The fourth stage can convert the two 4x2 block indices to one 4x4 block 
classification index. 

In this example, each stage processes inputs in pairs. For each 4x4 image vectors, the first 
stage processes eight pairs of pixels. This can be accomplished using eight first-stage tables, or 
by using one first-stage table eight times, or by some intermediate solution. In practice, using a 
25 single table eight times affords sufficient performance with minimal memory requirements. 
Likewise, for the intermediate stages, a single table can be used multiple times per image vector for 
fast and efficient classification. Note that the number of stages can be reduced by increasing the 
number of inputs per table; for example, using four inputs per table halves the number of stages 
required, but greatly increases the total memory required for the multi-stage table. 

30 In most cases * *e pixel domain in which an image is expressed is not optimum for 

accurate classification. For example, more accurate classification can often be achieved when the 
image is transformed into a spatial frequency domain. While the invention applies to vectors 
transformed to another domain prior to entry into a lookup table, the invention further provides for 

3 
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the transform to be performed by the classification table itself so that there is no computation 
required. 

The method for designing the classification lookup tables includes a codebook design 
procedure and a table fill-in procedure for each stage. For each stage, the codebook design 
5 procedure involves clustering a statistically representative set of vectors so as to minimize some 
error metric. The vectors are preferably expressed in the domain, e.g.* pixel or spatial frequency, 
most useful for the classification of interest. The dimensionality of the vectors is dependent on the 
stage and the number of inputs to that stage and preceding stages. For preliminary stages, the 
error metric is a proximity measure, preferably weighted to preserve information relevant to 
10 classification. For the final stage, the preferred error metric takes Bayes risk, i.e., risk of 
classification error, into account; the Bayes risk can be weighted to reflect differential costs of 
classification errors. 

The statistically representative set of vectors can be obtained by selecting a set of training 
images that match as closely as possible the statistical profiles of the images to be classified. If the 
1 5 images to be classified involve only aerial photographs of terrain, the training images can be aerial 
photographs of terrain. If the images to be classified vary considerably in content, so should the 
training images. 

The training images are divided into blocks, which are in turn expressed as vectors. The 
dimensionality of blocks and vectors is stage dependent. The first-stage input blocks are lxl, so 

20 the corresponding vectors are one-dimensional. For each stage, the inputs are concatentated 
according to the number of stage table inputs. For a first-stage table with two inputs, two lxl 
blocks are concatenated to form a 2x1 block; the corresponding vector is two-dimensional. If the 
classification is to be performed in a domain other than a pixel domain, the post-concatenation 
vectors arc transformed into that domain. The vectors are then processed according to a 

25 LBG/GLA algorithm to yield codebook vectors according to the selected error metric. 

The codebook vectors are assigned indices. For preliminary-stage tables, the indices are 
preferably fixed-length; these indices represent codebook vectors. For a last stage of a multi-stage 
classification table or the only table of a single-stage classification table, the indices represent 
classes. If there are only two classes, a single bit classification index can be used. If there are 

30 more than two classes, more bits on the average are required for the index. In this case, the index 
can be fixed-length or variable. A variable-length index can be used to represent classification 
more compactly where the distribution of image vectors to codebook vectors is nonuniform. To 
optimize the variable-length code, the error metric for the last-stage codebook design can be 
subject to an entropy constraint. In any event, the number of classes should be less than or equal 

35 to the dimensionality of the image vectors to ensure sufficiently accurate classification. 
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Once a codebook is designed for a stage, the table fill-in procedure can be executed. In 
this procedure, the set of all possible combinations of inputs to a stage table define its addresses. 
The purpose of this procedure is assign same-stage codebook indices to each of these address so 
as to optimize classification accuracy. 

5 In the case of a first-stage table, individual pixel inputs are concatenated to define an input 

vector in the pixel domain. If the classification is to be performed in a domain other than the pixel 
domain, this vector is transformed accordingly (so that it is in the same domain as the codebook 
vectors). Each address vector is mapped to the closest codebook vector. While a weighted 
proximity measure can be used, better results are obtained using an objective proximity measure. 

10 In the case of second and succeeding-stage tables, the inputs are indices representing 

codebook vectors for the preceding stage. These must be decoded to yield previous-stage 
codebook vectors to which a proximity measure can be applied. If the classification is to be 
performed in a pixel domain, the previous-stage codebook vectors are in the pixel domain. They 
can be concatenated to match the dimensionality of the same-stage codebook vectors. A suitable 

1 5 proximity measure is used to determine the codebook closest to each concatenated address vector. 
The index associated with the closest codebook vector is assigned to the concatenated address 
vector. 

The procedure for second and succeeding stages must be modified if the classification is to 
be performed in other than the pixel domain. In that case, the decoded indices are previous-stage 

20 codebook vectors in the other domain. An inverse transform is applied to convert these to the 
pixel domain to permit concatenation. The concatenated pixel-domain vector is then transformed 
to the other domain, in which the proximity measure is applied to determine a closest same-stage 
codebook vector. The index is assigned as before. When the codebook design is completed for 
all stages and the table fill-in procedure has been completed for all addresses of all stage tables, 

25 design of a multistage table is complete. In the case of a single-stage classification table, the 
codebook design procedure is similar to that for the last stage of a multi-stage table, while the table 
fill-in procedure is similar to that for the first stage of a multi-stage classification table. 

The invention further provides that the table used for classification has other concurrent 
uses. For example, the tables can be used for joint classification and compression. In these cases, 
30 the output can be a pair of indices, one for classification and another for codebook vector. 
Alternatively, a single codebook vector index can be output and a decoder can assign the class 
during decompression. 

When the table is dual purpose, it can be desirable to use codebook measures that are not 
optimized for classification. For example, measures optimized for image reconstructed may be 
35 used in place of measure optimized for classification, if fidelity of the reconstructed image is of 

5 
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paramount importance. Otherwise, a weighted combination of classification-optimized and 
compression-optimized measures can be used in codebook design. In particular, last-stage 
codebook design can use a weighted combination of perceptual proximity and weighted risk of 
misclassification. 

5 In accordance with the foregoing, the present invention permits low-level block-based 

image classification to be performed without computation. As a result, classification can be 
performed in software at rates formerly requiring greater general computer power or dedicated 
image processing hardware. Since the tables can be embodied in software, they can be readily 
distributed, e.g., over the Internet, so that they can used locally on images selected by a receiver. 

1 0 Furthermore, the invention allows classification to be performed in a domain other than a pixel 
domain, where the block-based transformation is designed into the classification table so that no 
computations are required during image processing. In addition, the invention provides for multi- 
use tables, such as those for joint classification and compression. These and other features and 
advantages of the invention are apparent from the description below with reference to the 

15 following drawings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIGURE 1 is a schematic illustration of an image classification system in accordance with 
the present invention. 

FIGURE 2 A is an aerial photograph used as an input to the system of FIG. 1 . 

20 FIGURE 2B is a classification map of the aerial photograph of FIG. 2 A. 

FIGURE 3 A is a computerized tomographic image used as an input to an alternative image 
classification system in accordance with the present invention. 

FIGURE 3B is a classification map of the computerized tomographic image of FIG. 3A. 

FIGURE 4 is a flow chart of a method of constructing the system of FIG. 1 . 

25 DESCRIPTION OF THE PREFERRED EMBODIMENTS 

In accordance with the present invention, a low-level image classification system Al 
comprises a vectorizer VEC and a hierarchical lookup table HLT, as shown in FIG. 1 . Vectorizer 
VEC converts a digital image into a series of image vectors. Hierarchical lookup table HLT 
converts the series of vectors into a series of classification indices. 

30 Vectorizer VEC effectively divides an image into blocks Bi of 4x4 pixels, where i is a 

block index varying from 1 to the total number of blocks in the image. If the original image is not 
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evenly divisible by the chosen block size, additional pixels can be added to sides of the image to 
make the division even in a manner known in the art of image analysis. Each block is represented 
as a 16-dimensional vector Ii = (Vij) where j is a dimension index ranging from one to sixteen (1 - 
G, septadecimal) in the order shown in FIG. 1 of the pixels in block Bi. Since only one block is 
5 illustrated in FIG. 1, the "f ' index is omitted from the vector values in FIG. 1 and below. 

Each vector element Vj is expressed in a suitable precision, e.g., eight bits, representing a 
monochromatic (color or gray scale) intensity associated with the respective pixel. Vectorizer VEC 
presents vector elements Vj to hierarchical lookup table HLT in adjacently numbered odd-even 
pairs (e.g., VI, V2) as shown in FIG. 1. 

10 Hierarchical lookup table HLT includes four stages SI, S2, S3, and S4. Stages SI, S2, 

and S3 collectively constitute a preliminary section PRE of hierarchical lookup table HLT, while 
fourth stage S4 constitutes a final section. Each stage S 1, S2, S3, S4, includes a respective stage 
table Tl, T2, T3, T4. In FIG. 1, the tables of the preliminary section stages SI, S2, and S3 are 
shown multiple times to represent the number of times they are used per image vector. For 

15 example, table Tl receives eight pairs of image vector elements Vj and outputs eight respective 
first-stage indices Wj. If the processing power is affordable, a stage can include several tables of 
the same design to that the pairs of input values can be processed in parallel. 

The purpose of hierarchical lookup table is to map each image vector many-to-one to a set 
of class indices. Note that the total number of distinct image vectors is the number of distinct 

20 values a vector value Vj can assume, in this case 2 8 = 256, raised to the number of dimensions, 
in this case sixteen. It is impractical to implement a table with 256 16 entries. The purpose of 
preliminary section PRE is to reduce the number of possible vectors that must be classified with 
minimal loss of information relevant to the classification of interest. The purpose of final-stage 
table T4 is to map the reduced number of vectors many-to-one to class indices. Table T4 has 2 16 

25 entries corresponding to the concatenation of two eight-bit inputs. Tables Tl, T2, and T3 are the 
same size as table T4, so that total table size of hierarchical vector table HLT is 4x2 16 = 262, 1 44, 
which is a practical number of table entries. 

Each stage table Tl, T2, T3, T4 has two inputs and one output. Pairs of image vector 
elements Vj serve as inputs to first-stage table Tl. The vector elements can represent values 

30 associated with respective pixels of an image block. However, the invention applies as well if the 
vector elements Vj represent an array of values obtained after a transformation on an image block. 
For example, the vector elements can be coefficients of a discrete cosine transform applied to an 
image block. On the other hand, it is computationally more efficient to embody a precomputed 
transform in the hierarchical lookup table than to compute the transform for each block of each 

35 image being classified. Accordingly, in the present case, each input vector is in the pixel domain. 
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In other words, each vector value Vj is treated as representing a monochrome intensity value for a 
respective pixel of the associated image block. 

Each pair of vector values (Vj, V(j+1)) represents with a total of sixteen bits a 2x1 
(column x row) block of pixels. For example, (VI, V2) represents the 2x1 block highlighted in 
5 the leftmost replica of table Tl in FIG. 1. Table Tl maps pairs of vector element values many-to- 
one to eight-bit first-stage indices Wj; in this case, j ranges from I to 8. Each eight-bit Wj also 
represents a 2x1 -pixel block. However, the precision is reduced from sixteen bits to eight bits. 
For each image vector, there are sixteen vector values Vj and eight first-stage indices Wj. 

The eight first-stage indices Wj are combined into four adjacent odd-even second-stage 
1 0 input pairs; each pair (Wj, W(j+1 )) represents in sixteen-bit precision the 2x2 block constituted by 
the two 2x1 blocks represented by the individual first-stage indices Wj. For example, (W1,W2) 
represents the 2x2 block highlighted in the leftmost replica of table T2 in FIG. 1 . Second-stage 
table T2 maps each second-stage input pair of first-stage indices many-to-one to a second-stage 
index Xj. For each image input vector, the eight first-stage indices yield four second-stage indices 
15 XI, X2, X3, and X4. Each of the second-stage indices Xj represents a 2x2 image block with 
eight-bit precision. 

The four second-stage indices Xj are combined into two third-stage input pairs (XI, X2) 
and (X3,X4), each representing a 4x2 image block with sixteen-bit precision. For example, 
(X1,X2) presents the upper half block highlighted in the left replica of table T3, while (X3,X4) 
20 represents the lower half block highlighted in the right replica of table T3 in FIG. 1 . Third-stage 
table T3 maps each third-stage input pair many-to-one to eight-bit third-stage indices Yl and Y2. 
These two indices are the output of preliminary section PRE in response to a single image vector. 

The two third-stage indices are paired to form a fourth-stage input pair (Y1,Y2) that 
expresses an entire image block with sixteen-bit precision. Fourth-stage table T4 maps fourth- 
25 stage input pairs many-to-one to classification indices Z. Z is a one-bit index distinguishing two 
classes. If more classes are to be distinguished, a variable-length precision or a greater precision 
fixed-length index can be used. The specific relationship between inputs and outputs is shown in 
Table I below as well as in FIG. 1 . 
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TABLE I 


Lookup Table 


Inputs 


Output 


Tl 


VI, V2 


Wl 




V3, V4 


W2 


tt 


VS, V6 


W3 


l( 


V7, V8 


W4 




V9, VA 


W5 


- 


VB, VC 


W6 


it 


VD.VE 


W7 




VF, VG 


W8 


T2 


Wl, W2 


XI 




W3, W4 


X2 




W5, W6 


X3 




W7.W8 


X4 


T3 


XI, X2 


Yl 




X3, X4 


Y2 


T4 


Yl, Y2 


Z 



For an entire image, there are many image vectors Ii, each yielding a respective 
classification index Zi. Classification indices Zi can be used to generate a classification map for 
the original image. For example, FIG. 2A is a 512x512 pixel aerial photo of terrain including both 
man-made and natural objects. Image classification system Al can classify 16,384 4x4 blocks of 
5 pixels as indicating man-made or natural objects. The classification map for the aerial image is 
shown in FIG. 2B in which natural objects are dark and man-made objects are shown light. 

FIG. 3A is a computerized tomography image such as those used for medical purposes to 
identify tumors. FIG. 3B is a classification map of the image of FIG. 3A. For this image, the 
block size is 2x2. The classification system has only two stages. The first stage accepts two pairs 
1 0 of vector elements and outputs two indices. The second stage accepts the two first-stage indices 
and outputs a 2-bit classification index to represent three classes. One class is background, gray in 
FIG. 3B, to provide a context for the other two classes. Healthy tissue is depicted in black while 
potential tumors are depicted in white in FIG. 3B. Alternatively, the classification could be 
performed by a one-stage classification table with four inputs. 

15 A table design method Ml, flow charted in FIG. 4, is executed for each stage of 

hierarchical lookup table HLT, with some variations depending on whether the stage is the first 
stage, SL an intermediate stage S2, S3, or the final stage S4. For each stage, method Ml 
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includes a codebook design procedure 10 and a table fill-in procedure 20. For each stage, fill-in 
procedure 20 must be preceded by the respective codebook design procedure 10. However, there 
is no chronological order imposed between stages; for example, table T3 can be filled in before the 
codebook for table T2 is designed. 

5 For first-stage table Tl, codebook design procedure 10 begins with the selection of 

training images at step 1 1 . The training images are selected to be representative of the type or 
types of images to be classified by system Al. If system Al is used for general purpose image 
classified, the selection of training images can be quite diverse. If system Al is used for a specific 
type of image, e.g., terrain, then the training images can be a selection of terrain images. A 
1 0 narrower set of training images allows more faithful image reproduction for images that are well 
matched to the training set, but less faithful image reproduction for images that are not well 
matched to the training set. 

The training images are divided into 2x1 blocks, which are represented by two- 
dimensional vectors (Vj,V(J+l)) in a spatial pixel domain at step 12. For each of these vectors, Vj 
15 characterizes the intensity of the left pixel of the 2x1 block and V(J+1) characterizes the intensity 
of the right pixel of the 2x1 block. 

In alternative embodiments of the invention, codebook design and table fill in arc 
conducted in the spatial pixel domain. For these pixel domain embodiments, steps 13, 23, 25 arc 
not executed for any of the stages. A problem with the pixel domain is that the terms of the vector 
20 are of equal importance: there is no reason to favor the intensity of the left pixel over the intensity 
of the right pixel, and vice versa. For table Tl to reduce data while preserving as much 
information relevant to classification as possible, it is important to express the information so that 
more important information is expressed independently of less important information. 

For the design of the preferred first-stage table Tl, a discrete cosine transform is applied at 
25 step 13 to convert the two-dimensional vectors in the pixel domain into two-dimensional vectors in 
a spatial frequency domain. The first value of this vector corresponds to the average intensities of 
the left and right pixels, while the second value of the vector corresponds to the difference in 
intensities between the left and right pixels. 

From the perspective of a human perceiver, expressing the 2x1 blocks of an image in a 
30 spatial frequency domain divides the information in the image into a relatively important term 
(average intensity) and a relatively unimportant term (difference in intensity). An image 
reconstructed on the basis of the average intensity alone would appear less distorted than an image 
reconstructed on the basis of the left or right pixels alone; either of the latter would yield an image 
which would appear less distorted than an image reconstructed on the basis of intensity differences 
35 alone. 
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The fact that one term is more important than another for purposes of image reconstruction 
for human viewing does not necessarily make it more important for purposes of classification. 
The point is that the terms of a vector expression of an image block are more likely to vary in 
importance when the vector is in a spatial frequency domain than in a spatial pixel domain. 
5 Whenever such differences in importance can be determined, they can be used to help preserve 
relevant information in the face of data reduction. 

The codebook is designed at step 14 in accordance with a splitting variation of the 
generalized Lloyd algorithm described by Y. Linde, A. Buzo, and R.M. Gray in "An algorithm for 
vector quantization Design", IEEE Transactions on Communications, COM-28:84-95, January, 

10 1980, and referred to in An Introduction to Data Compression by Khalid Sayood, Morgan 
Kaufmann Publishers, Inc., San Francisco, California, 1996, pp. 222-228. This LBG/GLA 
algorithm utilizes an iterative procedure designed to reduce variance (other statistical measures can 
be used) in a selected proximity measure with each iteration. In general, the error does not reach 
zero; instead, the error reduction between successive iterations diminishes as the number of 

15 iterations increases. Typically, the iterations are stopped when the error reduction from one 
iteration to the next falls below a predetermined threshold. 

The proximity measure employed at step 14 can be an unweighted measure, such as mean 
square error. However, more accurate classification can be achieved using a "classification- 
sensitive" error measure that is weighted to emphasize information relevant to the classification of 

20 interest. For example, if the difference value is more important for the purposes of classification 
than the average term, then the former can be given more weight than the latter. In addition, since 
this is vector rather than scalar quantization, interactive effects between the spatial frequency 
dimensions can be taken into account. For example, if the classification is more sensitive to 
difference information in bright image regions than in dark image regions, the error measure can 

25 be weighted accordingly. 

It should be noted however, that classification can be performed jointly with compression 
using the same hierarchical lookup table. In general, a goal in compression is to permit an image 
constructed from the compressed data to appear to a human perceiver as much like the original 
image as possible. To this end, a perceptually weighted proximity measure is favored for 

30 codebook design. Where perceptual weighting and class-sensitive weighting differ significantly, 
the relative importance of the classification and compression functions must be considered. In 
some cases, a classification sensitive measure can be dispensed with in favor of a perceptually 
weighted measure to optimize fidelity of the reproduction image. In other cases, a weighted 
combination of classification-sensitive and perceptually weighted measures can be used in 

35 codebook design. As a default, an unweighted, Le. y ''objective", proximity measure can be used. 
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The codebook designed in step 1 4 comprises a set of 2x 1 frequency domain codebook 
vectors. The number of codebook vectors must be large enough to preserve a useful amount of 
relevant information and must be small enough to allow effective data reduction. Whatever the 
tradeoff, the number is preferably a power of two since that constraint maximizes the number of 
5 vectors that can be expressed for a given precision measured in bits. To this end, in the preferred 
embodiment, the set includes 2* = 256 codebook vectors, each of which is assigned a respective 
eight-bit index at step 15. This completes codebook design section of method Ml for stage SI. 

Fill-in procedure 20 for stage 1 begins with step 21 of generating each distinct address to 
permit its contents to be determined. In the preferred embodiment, values are input into each of 

10 the tables in pairs. In alternative embodiments, some tables or all tables can have more inputs. 
For each table, the number of addresses is the product of the number of possible distinct values 
that can be received at each input. Typically, the number of possible distinct values is a power of 
two. The inputs to table Tl receive an eight bit input VJ and eight-bit input V(J+1); the number of 
addresses for table Tl is thus 2 8 *2 8 = 2 16 = 65,536. The steps following step 21 are designed to 

1 5 enter at each of these addresses one of the 2 8 = 256 table Tl indices Wj. 

Each input Vj is a scalar value corresponding to an intensity assigned to a respective pixel 
of an image. These inputs are concatenated at step 24 in pairs to define a two-dimensional vector 
(VJ, V(J+1)) in a spatial pixel domain. (Steps 22 and 23 are bypassed for the design of first-stage 
table Tl.) 

20 For a meaningful proximity measurement, the input vectors must be expressed in the same 

domain as the codebook vectors, Le. t a two-dimensional spatial frequency domain. Accordingly, 
a DCT is applied at step 25 to yield a two-dimensional vector in the required spatial frequency 
domain. 

The table Tl codebook vector closest to this input vector is determined at step 26. The 
25 proximity measure is unweighted mean square error. Better performance is achieved using an 
objective measure like unweighted mean square error as the proximity measure during table 
building rather than a perceptually weighted or class sensitive proximity measure. On the other 
hand, an unweighted proximity measurement is not required in general for this step. Preferably, 
however, the measurement using during table fill at step 26 is weighted less on the average than 
30 the measurement used in step 14 for codebook design. 

At step 27, the index Wj assigned to the closest codebook vector at step 16 is then entered 
as the contents at the address corresponding to the input pair (Vj, V(j+1)). During operation of 
system Tl, it is this index that is output by table Tl in response to the given pair of input values. 
Once indexes Wj are assigned to all 65,536 addresses of table Tl, the design of table Tl is 
35 complete. 
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For second-stage table T2, the codebook design begins with step 1 1 of selecting training 
images, just as for first-stage table Tl. The training images used for design of the table Tl 
codebook can be used also for the design of the second-stage codebook. At step 1 2, the training 
images are divided into 2x2 pixel blocks; the 2x2 pixel blocks are expressed as image vectors in 
5 four-dimensional vector space in a pixel domain; in other words, each of four vector values 
characterizes the intensity associated with a respective one of the four pixels of the 2x2 pixel 
block. 

At step 13, the four-dimensional vectors are converted using a DCT to a spatial frequency 
domain. Just as a four-dimensional pixel-domain vector can be expressed as a 2x2 array of pixels, 
1 0 a four-dimensional spatial frequency domain vector can be expressed as a 2x2 array of spatial 
frequency functions: 



FOO 


FOl 


FIO 


Fll 



The four values of the spatial frequency domain respectively represent: F0O)-an average 
intensity for the 2x2 pixel block; F01)-an intensity difference between the left and right halves of 
the block; F10)-an intensity difference between the top and bottom halves of the block; and 
15 Fl l)-a diagonal intensity difference. The DCT conversion is lossless (except for small rounding 
errors) in that the spatial pixel domain can be retrieved by applying an inverse DCT to the spatial 
frequency domain vector. 

The four-dimensional frequency-domain vectors serve as the training sequence for second- 
stage codebook design by the LBG/GLA algorithm. In general, the proximity measure is the same 
20 as that used for design of the codebook for table Tl. The difference is that for table T2, the 
measurements are performed in a four-dimensional space instead of a two-dimensional space. 
Eight-bit indices Xj are assigned to the codebook vectors at step 15, completing codebook design 
procedure 10 of method Ml. 

Fill-in procedure 20 for table T2 involves entering indices Xj as the contents of each of the 
25 table T2 addresses. As shown in FIG. 1 , the inputs to table T2 are to be eight-bit indices Wj from 
the outputs of table Tl. These are received in pairs so that there are 2 8 *2 8 = 2 16 = 65,536 
addresses for table T2. Each of these must be filled with a respective one of 2 8 = 256 table T2 
indices Xj. 

Looking ahead to step 26, the address entries are to be determined using a proximity 
30 measure in the space in which the table T2 codebook is defined. The table T2 codebook is defined 
in a four-dimensional spatial frequency domain space. However, the address inputs to table T2 
are pairs of indices (Wj.W(J+l)> for which no meaningful metric can be applied. Each of these 
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indices corresponds to a table Tl codebook vector. Decoding indices (Wj,W(J+l)) at step 22 
yields the respective table Tl codebook vectors, which are defined in a metric space. 

However, the table Tl codebook vectors are defined in a two-dimensional space, whereas 
four-dimensional vectors are required by step 26 for stage S2. While two two-dimensional 
5 vectors frequency domain can be concatenated to yield a four-dimensional vector, the result is not 
meaningful in the present context: the result would have two values corresponding to average 
intensities, and two values corresponding to left-right difference intensities; as indicated above, 
what would be required is a single average intensity value, a single left-right difference value, a 
single top-bottom difference value, and a single diagonal difference value. 

1 0 Since there is no direct, meaningful method of combining two spatial frequency domain 

vectors to yield a higher dimension spatial frequency domain vector, an inverse DCT is applied at 
step 23 to each of the pair of two-dimensional table Tl codebook vectors yielded at step 22. The 
inverse DCT yields a pair of two-dimensional pixel-domain vectors that can be meaningfully 
concatenated to yield a four-dimensional vector in the spatial pixel domain representing a 2x2 pixel 

15 block. A DCT transform can be applied, at step 25, to this four-dimensional pixel domain vector 
to yield a four-dimensional spatial frequency domain vector. This four-dimensional spatial 
frequency domain vector is in the same space as the table T2 codebook vectors. Accordingly, a 
proximity measure can be meaningfully applied at step 26 to determine the closest table T2 
codebook vector. 

20 The index Xj assigned at step 15 to the closest table T2 codebook vector is assigned at step 

27 to the address under consideration. When indices Xj are assigned to all table T2 addresses, 
design of table T2 is complete. 

Table design method Ml for intermediate stages S2 and S3 are essentially similar except 
the dimensionality is doubled. Codebook design procedure 20 can begin with the selection of the 
25 same or similar training images at step 11. At step 12, the images are converted to eight- 
dimensional pixel-domain vectors, each representing a 4x2 pixel block of a training image. 

A DCT is applied at step 13 to the eight-dimensional pixel-domain vector to yield an eight- 
dimensional spatial frequency domain vector. The array representation of this vector is: 



F00 


F01 


F02 


F03 


F10 


Fll 


F12 


F13 



Although basis functions F00, F01, F10, and Fl 1 have roughly, the same meanings as 
30 they do for a 2x2 array, once the array size exceeds 2x2, it is no longer adequate to describe the 
basis functions in terms of differences alone. Instead, the terms express different spatial 
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frequencies. The functions, F00, F01, F02, F03, in the first row represent increasingly greater 
horizontal spatial frequencies. The functions F00, F01, in the first column represent increasingly 
greater vertical spatial frequencies. The remaining functions can be characterized as representing 
two-dimensional spatial frequencies that are products of horizontal and vertical spatial frequencies. 

Human perceivers are relatively insensitive to higher spatial frequencies. Accordingly, a 
perceptually weighted proximity measure might assign a relatively low (less than unity) weight to 
high spatial frequency terms such as F03 and F04. On the other hand, high spatial frequency 
information is relatively significant in distinguishing made-made versus natural objects in aerial 
photographs of terrain. Accordingly, a relatively high (greater than unity) weight can be assigned 
to high spatial frequency terms for classifications based on man-made versus natural distinctions. 

Table fill-in procedure 20 for table T3 is similar to that for table T2. Each address 
generated at step 21 corresponds to a pair (XJ, X(J+1)) of indices. These are decoded at step 22 
to yield a pair of four-dimensional table T2 spatial-frequency domain codebook vectors at step 22. 
An inverse DCT is applied to these two vectors to yield a pair of four-dimensional pixel-domain 
1 5 vectors at step 23. The pixel domain vectors represent 2x2 pixel blocks which are concatenated at 
step 24 so that the resulting eight-dimensional vector in the pixel domain corresponds to a 4x2 
pixel block. At step 25, a DCT is applied to the eight-dimensional pixel domain vector to yield an 
eight-dimensional spatial frequency domain vector in the same space as the table T3 codebook 
vectors. 

20 The closest table T3 codebook vector is determined at step 26, preferably using an 

unweighted proximity measure such as mean-square error. The table T3 index Yj assigned at step 
15 to the closest table T3 codebook vector is entered at the address under consideration at step 27. 
Once corresponding entries are made for all table T3 addresses, design of table T3 is complete. 

Table design method Ml for final-stage table T4 can begin with the same or a similar set of 
25 training images at step 1 1 ; however, the image blocks are handclassified to provide a standard 
against which different table designs can be evaluated. The training images are expressed, at 
step 12, as a sequence of sixteen-dimensional pixel-domain vectors representing the preclassified 
4x4 pixel blocks (having the form of Bi in FIG. 1). A DCT is applied at step 13 to the pixel 
domain vectors to yield respective sixteen-dimensional spatial frequency domain vectors, the 
30 statistical profile of which is used to build the final-stage table T4 codebook. 

A variation of the LBG/GLA algorithm described above is used at step 16 to determine 
256 codebook vectors. Instead of using a proximity measure, as in step 14, a Bayes risk measure 
can be used. The Bayes risk corresponds to the risk of classification error. As with the proximity 
measure, the Bayes risk measure can be unweighted or weighted. 

15 



5 



10 



BNSDOCID: <WO 9737327A1J_> 



WO 97/37327 




PCT/US97/05026 



Risk weighting is used when the costs of classification errors are nonuniform. For 
example, in CT imaging, it is more costly to classify a tumor as healthy than it is to classify 
healthy tissue as a tumor. A proximity measure is used to group vectors. However, the Bayes 
risk is used to determine the class to which a group is assigned. Once again, the iterations stop 
5 when the reduction of Bayes risk from one iteration to the next falls below a predetermined 
threshold. 

Once the final-stage table T4 codebook vectors are determined, class indices Z are assigned 
at step 17. Whereas tables Tl, T2, and T3 use 256 eight-bit indices, table T4 uses fewer indices 
and requires fewer bits of precision to represent them. The number of table T4 indices is the 

1 0 number of distinct classes. If there are only two classes, a one-bit classification index can be 
used. If there are more classes, a longer fixed-length or variable-length class-index code can be 
used. The variable-length code can improve coding efficiency where the image vectors are 
unevenly distributed among codebook vector neighborhoods. To optimize coding efficiency with 
a variable-length final-stage index, the risk measure used in step 16 can be subject to an entropy 

1 5 constraint. 

Fill-in procedure 20 for table T4 begins at step 21 with the generation of the 2 16 addresses 
corresponding to all possible distinct pairs of inputs (Y1,Y2). Each third-stage index Yj is 
decoded at step 22 to yield the respective eight-dimensional spatial-frequency domain table T3 
codebook vector. An inverse DCT is applied at step 23 to these table T3 codebook vectors to 

20 obtain the corresponding eight-dimensional pixel domain vectors representing 4x2 pixel blocks. 
These vectors are concatenated at step 24 to form a sixteen-dimensional pixel-domain vector 
corresponding to a respective 4x4 pixel block. A DCT is applied at step 24 to yield a respective 
sixteen-dimensional spatial frequency domain vector in the same space as the table T4 codebook. 
The closest table T4 codebook vector is located at step 26, using an unweighted proximity 

25 measure. The class index Z associated with the closest codebook vector is assigned to the table T4 
address under consideration. Once this assignment is iterated for all table T4 addresses, design of 
table T4 is complete. Once all tables T1-T4 are complete, design of hierarchical table HLT is 
complete. 

While the foregoing describes a particular classification system and a particular method, the 
30 invention provides for many variations. One important variable is the block dimensions in pixels 
required for satisfactory classification. More stages can be used for larger blocks, and fewer for 
smaller blocks. For example, six stages can be used for 8x8 blocks, such as those often used for 
text versus graphics classifications. In such cases, procedures for designing the codebooks and 
filling in the tables for the additional intermediate-stage tables can be extrapolated from the detailed 
35 method as applied to stages S2 and S3. 
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In addition, the number of stages can be decreased by increasing the number of table inputs 
(although this greatly increases the tables sizes). For example, a 2x2 block size can be handled by 
a single four-input table. In this case, the table is not hierarchical. In such a case, codebook 
design is similar to that of stage S4, while table fill-in is similar to that of stage S 1 . 

5 The measures for variance, risk, and proximity used in steps 14, 16, and 26 can be varied. 

In general, unweighted proximity measures should be used for table fill-in to minimize 
classification error. However, weighted measures may give acceptable results. Where there is a 
known non-linear perceptual profile available, one aspect of the invention requires that the 
proximity measure used in step 26 be on the average closer to unweighted than to the weighted 
1 0 measure corresponding to that nonlinear perceptual profile. 

In codebook design, classification sensitive measures are preferred. Where there are 
distinct class-sensitive and perceptual profiles available, one aspect of the invention requires that 
the measures used in steps 14 and 16 be closer to the class-sensitive profile than to the perceptual 
profile. 

1 5 However, the selection of measures for codebook design is different when the tables are 

used for joint classification and compression. Class and risk sensitive errors can be dismissed in 
favor of perceptual proximity measures where reconstruction of the original image is more critical 
than classification. In other cases, a weighted combination of class-sensitive and perceptual 
measures can be used for preliminary-stage codebook design at step 14. In addition, a weighted 

20 combination of risk and variance measures can be used for the design of a final-stage codebook. 
The following discussion explains how the present invention can be extended to cover various 
types of joint compression/classification. To accommodate a more sophisticated understanding, 
some change in notation is employed. 

Classification and compression play important roles today in communicating digital 
25 information and their combination is useful in many applications. The aim is to produce image 
classification without any further signal processing on the compressed image. Presented below 
are techniques for the design of block-based joint classifier and quantizer classifiers/encoders 
implemented by table lookups. In the table lookup classifiers/encoders, input vectors to the 
encoders are used directly as addresses in code tables to choose the codewords with the 
30 appropriate classification information. In order to preserve manageable table sizes for large 
dimension VQs, hierarchical structures that quantize the vector successively in stages are used. 
Since both the classifier/encoder and decoder are implemented by table lookups, there are no 
arithmetic computations required in the final system implementation. Both the classifier/encoder 
and the decoder are implemented with only table lookups and are amenable to efficient software 
35 and hardware solutions. 
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For efficient storage or transmission over a band-limited channel, the aim of an image 
compression algorithm is to maximize compression with minimal loss in visual quality. On the 
other hand, image classification can be used for assisting the human observers in differentiating 
among the various features of an image. Classification usuaJly involves the application of 
5 sophisticated techniques to the entire image, but simple low-level classification involving small 
regions of an image can aid human observers by highlighting specific areas of interest. 
Classification of an image can also help in compression by using different compression algorithms 
for the different classes of data. 

In some applications, the combination of compression and low-level classification is 
1 0 desirable. For example, the compression and classification of a digital medical image can enable a 
physician to view quickly a reconstructed image with suspected anomalies highlighted. See K. O. 
Perlmutter, S. M. Perlmutter, R. M. Gray, R. A. Olshen and K. L. Oehler, "Bayes risk weighted 
vector quantization with posterior estimation for image classification and compression," to appear 
IEEE Tran. IP, 1996. 

1 5 Joint compression and classification is also useful for aerial imagery. Such imagery often 

entails large quantities of data that must be compressed for archival or transmission purposes and 
categorized into different terrains. Multimedia applications like educational videos, color fax and 
scanned documents in digital libraries, are rich in both continuous tone and textual data. See N . 
Chaddha, "Segmentation Assisted Compression of Multimedia Documents," 29th Asilomar 

20 Conference on Signals, Systems and Computers, Nov. 1995. Since text and image data have 
different properties, joint classification here helps in the process of compression by choosing 
different compression parameters for the different kinds of data. 

Vector quantization (VQ) is a lossy compression method in which statistical methods are 
applied to optimize distortion/bit-rate trade-offs. See A. Gersho and R. Gray, Vector Quantization 
and Signal Compression, Kluwer Academic Publishers, 1992. In the case of compression, 
distortion is usually measured by mean squared error subject to a constraint on the average bit-rate. 
With classification, the distortion is usually measured by the probability of error, or by Bayes risk. 
VQ has been applied successfully in the past for compression and low-level classification: see T. 
Kohonen, "An introduction to neural computing," Neural Networks, vol. 1, pp. 3-16, 1988; and 
G. McLean, "Vector Quantization for texture classification," IEEE Tran. in Systems, Man and 
Cybernetics, vol. 23, pp. 637-649, May/June 1993. VQ has also been applied successfully for 
joint compression/classification as shown by Perlmutter et aL t Ibid, and K. L. Oehler and R. M. 
Gray, "Combining image compression and classification using vector quantization," IEEE Trans. 
PA ML vol. 17, pp. 461-473, May 1995. 

35 Full-search VQ is computationally asymmetric in that the decoder can be implemented as a 

simple table lookup, while the encoder must usually be implemented as an exhaustive search for 
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the minimum distortion codeword. Various structured vector quantizers have been introduced to 
reduce the complexity of a full-search encoder; see Kohonen, cited above. One such scheme is 
hierarchical table-lookup VQ (HVQ); see P.-C. Chang, J. May and R.M. Gray, "Hierarchical 
Vector Quantization with Table-Lookup Encoders," Proc. Int. Conf. on Communications, 
5 Chicago, IL, June 1985, pp. 1452-55. HVQ is actually a tablelookup vector quantizer which 
replaces the full-search vector quantizer encoder with a hierarchical arrangement of table lookups, 
resulting in a maximum of one table-lookup per pixel to encode. 

Recent work on table-lookup vector quantization has been on combining it with block 
transforms with subjective distortion measures, see N. Chaddha, M. Vishwanath and P. Chou, 

10 "Hierarchical Vector Quantization of Perceptually Weighted Block Transforms," Proc. Data 
Compression Conference, March 1995. Combining it with wavelet transforms M. Vishwanath 
and P.A. Chou, "An efficient algorithm for hierarchical compression of video," Proc. Intl. Conf. 
Image Processing, Austin, TX, Nov. 1994, Vol. 3, pp. 275-279., applying it to low complexity 
scalable video coding N. Chaddha and M. Vishwanath, "A Low Power Video Encoder with 

1 5 Power, Memory, Bandwidth and Quality Scalability," to appear in VLSI-Design*96 Conference, 
Jan. 1996. and using it with finite-state VQ N. Chaddha, S. Mehrotra and R. M. Gray, "Finite 
State Hierarchical Table-Lookup Vector Quantization for Images/* to appear Intl. Conf. on Acs., 
Speech and Sig. Proc., May 1996, to improve its rate-distortion performance. 

In accordance with the present invention, joint image classification and compression are 
20 performed using table-lookups. These joint techniques include: a modification of a sequential 
classifier/quantizer taught by B. Ramamurthi and A. Gersho, "Classified Vector Quantization of 
Images," IEEE. Trans. Comm., COM-34, pp. 1105-1115, Nov. 1986., a modified version of 
Kohonen s learning vector quantizer; a sequential quantizer/classifier; and Bayes VQ with 
posterior estimation. (See related discussion of the last three in Permutter, cited above.) The 
25 performance of the different techniques are investigated on computerized tomographic (CT) and 
aerial images. Thus gained are the advantages of these different techniques while maintaining the 
computational simplicity of table lookup encoding and decoding. 

Hierarchical table-lookup vector quantization (HVQ) is a method of encoding vectors using 
only table lookups. It was used for speech coding by Chang et ai t cited above, and recently 

30 extended for image coding. A straightforward method of encoding using table lookups is to 
address a table directly by the symbols in the input vector. For example, suppose each input 
symbol is pre-quantized to r 0 = 8 bits of precision (as is typical for the pixels in a monochrome 
image), and suppose the vector dimension is K = 2. Then a lookup table with Kr 0 = 16 address 
bits and log 2 N output bits (where N is the number of codewords in the codebook) could be used 

35 to encode each two-dimensional vector into the index of its nearest codeword using a single table 
lookup. Unfortunately, the table size in this straightforward method gets infeasibly large for even 
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moderate K. For image coding, K can be as large as 64, so that each 8x8 block of pixels can be 
coded as a single vector. 

By performing the table lookups in a hierarchy, larger vectors can be accommodated in a 
practical way, as shown in FIG. 1. A K = 16 dimensional vector at original precision r 0 = 8 bits 
5 per symbol is encoded into r M = 8 bits per vector (Le. 9 at rate R = r^/K = 1 bit per symbol for a 
compression ratio of 8:1) using ht = 4 stages of table lookups. In the first stage, the K input 
symbols are partitioned into blocks of size k 0 = 2, and each of these blocks is used to directly 
address a lookup table with = 16 address bits to produce r, = 8 output bits. Likewise, in each 
successive stage m from 1 to A/, the r m _,-bit outputs from the previous stage are combined into 

10 blocks of length k mmi to directly address a lookup table with k mA r m _, address bits to produce r m 
output bits per block. The r M bits output from the final stage M may be sent directly through the 
channel to the decoder, if the quantizer is a fixed-rate quantizer, or the bits may be used to index a 
table of variable-length codes, for example, if the quantizer is a variable-rate quantizer. In the 
fixed-rate case, r M determines the overall bit rate of the quantizer, R = r^/K bit per symbol, where 

15 K= K M = Tlk m is the overall dimension of the quantizer. 

The computational complexity of the encoder is at most one table lookup per input symbol. 
The storage requirements of the encoder are 2 hm ' xrm ~ l x r m bte for a table in the mth stage. If k m = 
2 and r m = 8 for all m, then each table is a 64 Kbyte table, so that assuming all the tables within a 
stage are identical, only one 64 Kbyte table is required for each of the Af = log 2 K stages of the 
20 hierarchy. 

Clearly many possible values for k m and r m are possible, but k m = 2 and r m = 8 are usually 
most convenient for the purposes of implementation. For simplicity of notation, these values are 
assumes hereinunder. The sizes of the tables at different stages of the HVQ can be changed to 
provide a trade-off between memory size and PSNR performance. See N. Chaddha and M. 
25 Vishwanath, "A Low Power Video Encoder with Power, Memory, Bandwidth and Quality 
Scalability," to appear in VLSI-Design'96 Conference, Jan. 1996. 

The table at stage m may be regarded as a mapping from two input indices if' 1 and i™ -1 , 

each in {0,1 255}, to an output index i m also in {0,1, ...,255}. That is, f = f (iT~\ if" 1 )- 

With respect to a distortion measure dm(x, x) between vectors of dimension K m = 2 m , design a 

30 fixed-rate VQ codebook /J m (i), i : = 0, 1 255 with dimension K m = 2 m and rate rJK m = 8/2 w bits 

per symbol, trained on the original data using any convenient VQ design algorithm, see Gersho et 
a/., cited above. Then set i m (i?-\i% ' l ) = argmin^^a^^ir 1 ), Li^" 1 )).^^ <° te 
the index of the 2 m -dimensional codeword closest to the 2 m -dimensional vector constructed by 
concatenating the 2 m l -dimensional codewords P(i?~ l ) and f3(i%~ 1 ). The intuition behind this 

20 



BNSDOCID: <WO 9737327A1J_> 



WO 97/37327 PCT/US97/Q5026 



10 



construction is that if /?„,./( iT -1 ) is a good representative of the first half of the 2 m -dimensional 
input vector, and p m .,(i?- 1 ) is a good representative of the second half, then P m (i m ), with i" 
defined above, will be a good representative of both halves, in the codebook fi m (i), i=0,l 255. 

The general setup for the problem of compression and classification consists of a joint 
random process {X{n), Y(n): n = 0, 1....J, where the X(n) are it-dimensional real-valued vectors 

and the Y(n) designate membership in a class and take values in a set H = (0, 1 M - 1 }. In the 

joint compression/classification problem, estimates of both the observed value X and its class Y, 
i.e., (X.K), must be obtained. A vector quantizer, when used for compression, is described by 
an encoder, a, which maps the Ac-dimensional input vector X to an index / e / specifying which 
one of a small collection of reproduction vectors or codewords in a codebook C = { x s ; i € I } 
is to be used for decompression; and a decoder, (J, which maps the indices into the reproduction 
vectors, that is, 0(i) = X,. When the VQ is used for classification, the system is also described 

by a classifier 8(0 = Y e H, which attaches to each output index i a class label associated with 
class membership. 

15 The quality of the reproduction X = p(a(X)) for an input X can be measured as a 

nonnegative distortion d(X,X). The squared error distortion d(X, X) = \IX - XII is a suitable 
measure. The average distortion Z>(a,p) = E[d(d(X#(a(X)))), is then the mean squared error 

(MSE). Assuming an Af-codeword VQ and an A/-class system, the quality of the classifier is 
measured by the empirical Bayes risk, 

B(a,5) = Y Cjk P(5(a(X)) = k,Y = j) , or (I) 
Bia, 5) = £P(a(X) = i)) J 1 U8 {i> = k)Yc jk P<Y = j\a(X) = i) (2> 

'=0 k=0 j=o 

20 where the indicator function 1 (expression) is 1 if the expression is true and 0 otherwise. The cost 
C jk represents the cost incurred when a class j vector is classified as class k. where C jk = 0 when j 
= k. Thus, the goal in joint compression and classification is to minimize both MSE and Bayes 
risk within the HVQ framework. 
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Jointly optimization for compression and classification is achieved through the use of a 
modified distortion measure that combines compression and classification error via a Lagrangian 
importance weighting. The modified distortion measure is 



5 B are defined above in equations (1) and (2) respectively. This weighted combination allows 
tradeoffs between priorities for compression and classification. 

There are numerous approaches for joint classification and compression using a VQ. For 
example the quantizer and classifier can be designed independently and separately. Alternatively, a 
first stage can be designed to optimize one goal, and a second stage accepting the output of the first 
1 0 stage can be designed to optimize other goal. This would include a sequential design of quantizer 
then classifier or a sequential design of classifier then quantizer. 

Two different sequential classifier/quantizer designs can be considered. In one case, the 
class information is also used to direct each vector, i.e. it is based on a classified VQ system. In 
the other case, a VQ-based classification scheme can be slightly modified to address the 
15 compression issue. Alternatively, with a more synergistic approach, one could seek 
simultaneously to accomplish both these objectives by reducing a measure of inhomogeneity that 
reflects errors of both compression and classification. Many of these approaches are described in 
Permutter, cited above. Herein, a subset of the methods is used to illustrate combined 
compression/classification using hierarchical table-lookup vector quantization. 

20 To perform joint image classification and compression using HVQ, all intermediate tables 

are designed using the method for compression described above. The last-stage table can be 
designed for joint classification and compression by using the codebook designed from one of the 
methods described in this section. The last-stage table m in general can be regarded as a mapping 

from two input indices if 1 and ig 1 " 1 , each in t^ 1 * 255}, to an output index i m which can be 

25 used for purposes of compression and classification. 

The table building can differ for the different methods. In some methods only squared 
error distortion will be used for building the last-stage table. In some other methods classification 
error (equation 2) is used for building the last-stage tables. In the remaining methods the modified 
distortion measure (equation 3) that combines compression and classification error via a 
30 Lagrangian importance weighting is used for building the last-stage table. The different algorithms 
for joint classification and compression with VQ are described below. 




(3) 



The fidelity criterion is thus J x A a > P» 5) = p ] = Z>(a,p) + A,B(a,5), where D and 
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One approach is a sequential quantizer/classifier design. In this approach a full-search 
compression code is designed first using the generalized Lloyd algorithm to minimize MSE. A 
Bayes classifier is then applied to the quantizer outputs. Another approach is a sequential 
classifier/quantizer design in which the class information is used to direct each vector to a 
5 particular quantizer, i.e., it is based on a classified VQ system. A third approach is to use a VQ- 
based classification scheme and incorporate a small modification, a centroid step, to address the 
compression issue. Herein, Kohonens LVQ (as cited above) is used as the classification scheme. 
It is a full-search design that reduces classification error implicitly — the codewords are modified 
by each vector in a way that is dependent upon whether the codeword shares the same class as the 
1 0 vector under consideration. 

For the LVQ design, the codebook was initialized using the LVQ_PAK algorithm and then 
designed using the optimized learning rate method OLVQ1. Because the algorithm does not 
consider compression explicitly during codebook design, the encoder uses the codebook generated 
by the LVQ design only for classification purposes; a modified version of this codebook is then 
15 designed to produce the reproduction vectors. In particular, the encoder codewords that are 
produced by LVQ are replaced by the centroids of all training vectors which mapped into them; 
these codewords are then used for compression purposes. This technique will be referred to as 
centroid-based LVQ [1]. In simulations, the number of iterations used in the algorithm was equal 
to five times the number of training vectors. 

20 Another approach is to use Bayes risk weighted vector quantization, a technique that jointly 

optimizes for compression and classification by using a modified distortion measure that combines 
compression and classification error via a Lagrangian importance weighting. The weighted 
combination allows trade-offs between priorities for compression and classification. The encoder 
selects the nearest neighbor with respect to the modified distortion measure (equation 3) to 

25 determine the best codeword representative. 

In the full-search design, a descent algorithm that is analogous to the generalized Lloyd 
algorithm that sequentially optimizes the encoder, decoder, and classifier for each other is used. In 
the tree-structured design, the trees are grown by choosing the node that yields the largest ratio of 
decrease in average (modified) distortion to increase in bit rate, and then are pruned in order to 
30 obtain optimal subtrees. In the parametric case, the posterior probabilities can be computed. In 
the nonparametric case, considered herein, an estimate of the probabilities must be obtained. 

Because the Bayes VQ is designed based on a learning set of empirical data, this same set 
can be used to estimate the posteriors during design. For example, the probability that a vector X 
has class 1 would be equal to the number of times the vector X occurred with the class label 1 over 
35 the number of times the vector X occurred in the training sequence. This method, however, does 
not provide a useful estimate of the conditional probabilities outside the training set. 
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There are a number of ways to obtain these posterior probabilities both inside and outside 
the training set. Herein, an external posterior estimator is used, and the resulting system is 
referred to as Bayes VQ with posterior estimation. It will be a cascade of two subsystems, where 
the second stage provides the codewords that consist of the pixel intensity vector and the class 
5 label, and the first stage provides the posteriors necessary for the implementation of the second 
system. Two different tree-structured estimators that can be used in conjunction with the other 
codebook are considered. 

The first tree-structured estimator is based on a TSVQ. For each vector, MSE is used to 
determine the path down the tree until a terminal node is reached. The estimate of the posterior 

1 0 probability is subsequently determined by the relative frequencies of class labels within a node. 
The quality of this posterior estimating TSVQ is measured by how well the computed estimate 
approximates on the learning set. The "distortion" between probability measures used in node 
splitting and centroid formation is the average relative entropy. Thus, the distortion between the 
empirical distribution estimate and the estimated distribution is defined by the relative entropy. 

15 Further details on the construction and implementation of this posterior estimator TSVQ are 
described in by Permutter et al., cited above. 

A decision tree can also be used to produce the posterior estimates mandated by the Bayes 
risk term by associating with each terminal node an estimate of the conditional probabilities. 
Given a number of features extracted from the vectors, the trees allow the selection of the best 
20 among a number of candidate features upon which to split the data. The path of the vector is 
determined based on the values of these features compared to a threshold associated with the node. 
The relative frequencies of the class labels within the terminal nodes then provide the associated 
posterior estimate. The trees are designed based on principles of the classification and regression 
tree algorithm CARTTM developed by Breirnan et al. 

25 The tree is constructed by using vectors consisting of eight features that are extracted from 

the vectors in the spatial domain. It is designed by using the Gini diversity of index for the node 
impurity measure and then pruned using a measure that trades off the number of terminal nodes of 
the tree with the within node Gini index to select the best subtree. 

Immediately, below, HVQ is combined with block based VQ classifiers to constitute Joint 
30 Classification/Compression HVQ (JCCHVQ). Herein, JCCHVQ is applied to image coding. The 
encoder of a JCCHVQ consists of M stages (as in FIG. 1), each stage being implemented by a 
lookup table. For image coding, the odd stages operate on the rows while the even stages operate 
on the columns of the image. The first stage combines two horizontally adjacent pixels of the 
input image as an address to the first lookup table. This first stage corresponds to a 2x 1 block 
35 vector quantization with 256 codewords. The rate is halved at each stage of the JCCHVQ. 
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The second stage combines two outputs of the first stage that are vertically adjacent as an 
address to the second-stage lookup table. The second stage corresponds to a 2x2 block vector 
quantization with 256 codewords where the 2x2 vector is quantized successively in two stages. 

In stage i. the address for the table is constructed by using two adjacent outputs of the 
5 previous stage and the addressed content is directly used as the address for the next stage. Stage i 
corresponds to a 2 i/2 x 2' a block for i even, or a 2 (i+,) /2 x 2 ,i n/2 block for / odd, followed by 
vector quantizer with 256 codewords. The only difference is that the quantization is performed 
successively in i stages. 

The last stage produces the encoding index m, which represents an approximation to the 
1 0 input vector and sends it to the decoder. This encoding index u also gives the classification 
information. The computational and storage requirements of JCCHVQ are same as that of 
ordinary HVQ described above. 

The design of a JCCHVQ consists of two major steps. The first step designs VQ 
codebooks for each stage. Since each VQ stage has a different dimension and rate they are 
1 5 designed separately. The codebooks for all stages except the last stage are the same as used in 
HVQ. 

The codebooks for each stage of the JCCHVQ except the last stage are designed by the 
generalized Lloyd algorithm (GLA) run on the training sequence. The first-stage codebook with 
256 codewords is designed by running GLA on a 2x1 block of the training sequence. Similarly 
20 the stage / codebook (256 codewords) is designed using the GLA on a training sequence of the 
appropriate order for that stage. The codebook for the last stage is designed using one of the 
methods described above. The last-stage codebook can thus be a sequential quantizer/classifier, 
sequential classifier/quantizer, centroid-based LVQ or some form of Bayes risk weighted vector 
quantization. 

25 The second step in the design of JCCHVQ builds lookup tables from the designed 

codebooks. The first-stage table is built by taking different combinations of two 8-bit input pixels. 
There are 2" such combinations. The index of the codeword closest to the input for the 
combination in the sense of minimum distortion rule (squared error distortion) is put in the output 
entry of the table for that particular input combination. This procedure is repeated for all possible 

30 input combinations. Each output entry (2 16 total entries) of the first-stage table has 8 bits. 

The second-stage table operates on the columns. Thus for the second stage the product 
combination of two first-stage tables is taken by taking the product of two 8-bit outputs from the 
first-stage table. There are 2' 6 such entries for the second-stage table. For a particular entry a 
successively quantized 2x2 block is obtained by using the indices for the first-stage codebook. 
35 The index of the codeword closest to the obtained 2x2 block in the sense of the squared error 
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distortion measure is put in the corresponding output entry. This procedure is repeated for all 
input entries in the table. 

All remaining stage tables except the last stage are built in a similar fashion by performing 
two lookups and then obtaining the raw quantized data. The nearest codeword to this obtained 
5 data in the sense of squared error distortion measure is obtained from the codebook for that stage 
and the corresponding index is put in the table. 

The last-stage table is built using the codebooks obtained from one of the methods 
described above. Thus, for the last stage, the product combination of two previous-stage tables is 
taken by taking the product of two 8-bit outputs from the previous-stage table. There are 2 16 such 

10 entries for the last-stage table. For a particular entry, a successively quantized block of the 
appropriate order is obtained by using the indices for the previous-stage codebook. The obtained 
raw data is used to obtain the index for joint classification/compression by using the last-stage 
codebook which can be a sequential quantizer/classifier, sequential classifier/quantizer, centroid- 
based LVQ or some form of Bayes risk weighted vector quantization. This procedure is repeated 

1 5 for all input entries in the table. 

In the case of the sequential quantizer/classifier the last-stage table is built exactly in the 
same manner as the other stage tables by using the sequential quantizer/classifier codebook. 
Squared error is used as the distortion for designing the last-stage table. The squared error 
distortion measure d m (x, x) between vectors of dimension K m = 2 m and a codebook designed 

20 using the sequential quantizer/classifier algorithm P m (0, with dimension K m = 2 m are used here. 
Then set, i m (if ^if = argmin l -d m ((j3 m _ 1 (£r 1 ),^ m -i(i?" 1 ))^ m «)) to be the index of the 
2" , -dimensional codeword P m (i) closest to the 2 m -dimensional vector constructed by concatenating 
the 2 m ' J -dimensional codewords P m .,( if" 1 ) and P m _,( if' 1 ) for each entry in the table. 

In centroid-based LVQ, squared error is used for encoding. Thus the last-stage table can 
25 be built in exactly the same manner as for the sequential quantizer/classifier algorithm by using the 
codebook designed using a modified version of Kohonen s LVQ algorithm. 

In the case of the sequential classifier/quantizer, the last-stage table is built by using 
classification error (equation 2) obtained from a posterior estimation tree or a decision tree. For 
each entry (if 1 , if" 1 ) in the last-stage table, i m (if "\ if -1 ) is obtained by using the 2 m - 
30 dimensional vector constructed by concatenating the 2 m ' -dimensional codewords P m / (if -1 ) and 

Pm.^if and classifying it to one of the classes. The classifier is based on classification error 

(equation 2) and is obtained either by applying a Bayes classifier to the output of a posterior 
estimator TSVQ that is designed using average relative entropy or by using a decision tree 
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designed using the Gini diversity of index for the node impurity measure. The last-stage table also 
gives the index representing the quantized codeword for the class. 

In the case of Bayes risk weighted vector quantization with posterior estimation, the last- 
stage table is built by using the modified distortion measure (equation 3) that combines 
5 compression and classification error via a Lagrangian importance weighting. The modified 
distortion measure (MSE and Bayes risk) dm(x,i) between vectors of dimension K m = 2 m and a 
codebook designed using the Bayes risk weighted vector quantization with posterior estimation 
algorithm p m (i)> with dimension K m = 2 m are used here. Then for each entry (if 1 , ig 1 " 1 ) in the 
last-stage table, i m {if- l AV l ) is set to the index BTgmin i d m ((fi tn ^i'?-\ P m ^i^' l )\ P m (i)) 

10 of the 2 m -dimensional codeword p m (i) closest to the 2 m -dimensional vector constructed by 
concatenating the 2" *' -dimensional codewords $ m .,(iT~ l ) and $ m J i?' 1 ). Classification error 
(equation 2) is obtained by using a posterior estimator on the 2 m -dimensional vector constructed by 
concatenating the 2™ *' -dimensional codewords p m .,Uf- l ) and P^Ci?" 1 ) and by using a TSVQ 
estimator designed using average relative entropy or by using a decision tree designed using the 

1 5 Gini diversity of index for the node impurity measure. 

The last-stage table has the index of the codeword as its output entry which is sent to the 
decoder. The index can be used for both classification and compression purposes. The decoder 
has a copy of the last-stage codebook and uses the index for the last stage to output the 
corresponding codeword or class. 

20 The different algorithms as applied to aerial images like that of FIG. 2A and CT images 

like that of FIG. 3 A are evaluated below. There are two differences between the two image 
sources investigated. In the CT case, images have very unequal class probabilities and unequal 
class importance. With the aerial images, the two classes are more equal in a priori distribution 
and class importance. 

25 The algorithms were used to compress an 8-bit per pixel (bpp) 5 1 2x5 1 2 aerial image and to 

identify regions as either man-made or natural. FIG. 2A presents a typical test image and 
FIG. 2B represents the hand-labeled classification for the aerial image. In the classified image, 
man-made regions are indicated in white whereas natural regions are indicated in black. The 
training sequence consisted of five aerial images of the San Francisco Bay Area provided by 

30 TRW. The image encoding was performed using 4x4 pixel blocks. Equal costs were assigned to 
the misclassification errors. The compression error was measured by 

PSNR=IOxlog, 0 (255x255/MSE) and the classification error by the empirical Bayes risk. Since 
equal costs were used, the Bayes risk signifies the fraction of the total vectors that are 
misclassified. 
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The following methods were used for comparing the performance of the joint classification 
and compression using HVQ and VQ. A sequential TSVQ/classifier was designed for a rate of 0.5 
bpp. A sequential classifier/TSVQ was designed for a rate of 0.5 bpp. A centroid-based LVQ 
was designed for rate of 0.5 bpp. A Bayes TSVQ with class probability tree was designed with 
5 eight spatial domain features for a rate of 0.5 bpp. A Bayes TSVQ with posterior estimating TSVQ 
was designed for a rate of 0.5 bpp. 

The HVQ based methods perform around 0.5-0.7 dB in PSNR worse than the full-search 
VQ methods. These results are in agreement with the results presented in Chaddha et al in 
reference 8, Table II gives the classification results on an aerial image for the different methods 

1 0 using VQ and HVQ. It can be seen that the classification performance of the different algorithms 
using HVQ is very close to that of the corresponding algorithms using VQ. Thus with table 
lookup encoding there is very small loss in classification performance. The encoding time for 
classification/compression using table-lookup was 30 ms on a SUN SPARC- 10 Workstation for a 
512x512 aerial image. Thus the encoding time is three to four orders of magnitude faster than the 

1 5 VQ based methods. 



Table II: Classification Performance 


Method 


Rate in 
bpp 


Classification 
error for VQ 
based schemes 


Classification error 
for VHQ based 
schemes 


Sequential TSVQ/classifier 


0.5 


29.56% 


32.24% 


Sequential Classifier/TSVQ 


0.5 


22.41% 


21.44% 


Centroid-based LVQ 


0.5 


19.58% 


19.77% 


Bayes TSVQ with class prob. tree 


0.5 


19.12% 


19.46% 


Bayes TSVQ with post. est. TSVQ 


0.5 


20.89% 


20.91% 



The performance of the algorithms is also evaluated as applied to a set of 512x512 12-bit 
grayscale CT lung images, where the goal is both to compress the images and to identify 
pulmonary tumor nodules. The training sequence consisted of ten images plus tumor vectors from 
five additional images; the additional tumor training vectors were added because of the low average 

20 percentage of tumor vectors in the data (99.85% of the training vectors were not tumor vectors). 
FIG. 3A presents a typical test image and FIG. 3B the hand-labeled classification for this image. 
In the classified image, tumor regions are highlighted in white. The image encoding was 
performed using 2x2 pixel blocks. In a two-class problem in which nontumors are assigned class 
0 and tumors are assigned class 1, C10=i00 and C01 = l are assigned to designate that missing a 

25 tumor is 100 times more detrimental than a false alarm. 

The compression performance of the encoded images is measured by the SNR, where 
SNR = lOxlog^D^D), D is the distortion measured by mean squared error, and D 0 is the 
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distortion of the best zero rate code. The classification performance of the encoded images is 
measured by sensitivity and specificity. Sensitivity is the fraction of tumor vectors that are 
correctly classified while specificity is the fraction of nontumor vectors that are correctly classified. 
Sensitivity is particularly valuable in judging classification performance on the CT images because 
5 of the importance of identifying all suspicious regions. 

The following methods are used for comparing the performance of the joint classification 
and compression using HVQ and VQ. A sequential full-search VQ/classifier was designed for a 
rate of 1 .75 bpp. A sequential classifier/TSVQ was designed for a rate of 1 .75 bpp. A Bayes full- 
search VQ with posterior estimating TS VQ was designed for a rate of 1 .75 bpp. A Bayes TSVQ 
1 0 with posterior estimating TSVQ was designed for a rate of 1 .75 bpp. 

The HVQ based algorithms perform around 0.5-0.7 dB worse in SNR than the full-search 
VQ methods. Table m and Table IV give the classification results on a CT image for the different 
methods using VQ and HVQ. It can be seen that the classification performance of the different 
algorithms using HVQ is very close to that of the corresponding algorithms using VQ. Thus with 
1 5 table lookup encoding there is only a very small loss in classification performance. The encoding 
time for classification/compression using table-lookup was 20 ms on a SUN SPARC- 10 
Workstation for a 512x512 aerial image. Thus the encoding time is three to four orders of 
magnitude faster than the VQ based methods. 



Table D3: Classification Performance for VQ-based Methods 


Method 


Sensitivity 


Specificity 


Sequential VQ/classifier 


81.06% 


96.56% 


Sequential Classifier/TSVQ 


85.61% 


96.91% 


Bayes full-search with post. est. TSVQ 


85.61% 


96.91% 


Bayes TSVQ with post. est. TSVQ 


85.61% 


96.99% 
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Table IV: Classification Performance for HVQ-based Methods 


Method 


Sensitivity 


Specificity 


Sequential VQ/classifier 


80.30% 


96.51% 


Sequential Classifier/TSVQ 


82.58% 


96.99% 


Bayes full-search with post. est. TSVQ 


82.58% 


96.99% 


Bayes TSVQ with post. est. TSVQ 


82.58% 


97.04% 



Herein are presented techniques for the design of block based joint classifier and quantizer 
classifiers/encoders implemented by table lookups. In the table lookup classifiers/encoders, input 
vectors to the encoders are used directly as addresses in code tables to choose the codewords with 
the appropriate classification information. Since both the classifier/encoder and decoder are 
implemented by table lookups, there are no arithmetic computations required in the final system 
implementation. They are unique in that both the classifier/encoder and the decoder are 
implemented with only table lookups, and they are amenable to efficient software and hardware 
solutions. These and other variations upon and modifications to the preferred embodiments are 
provided for by the present invention, the scope of which is limited only by the following claims. 
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CLAIMS 

1 . An image classification system comprising: 

conversion means for converting an image into a series of vectors defined in an N-dimensional 
space, said image having elements classifiable among a set of M classes; and 
5 lookup table means for mapping said vectors many-to-one to indices, each of said indices 

identifying a respective one of said classes, said lookup table means being coupled to said 
conversion means for receiving said vectors. 

2. An image classification system as recited in claim 1 wherein M<N. 

3. An image classification system as recited in any one of the preceding claims wherein said 
1 0 lookup table means includes R stages of lookup tables. 

4. An image classification system as recited in claim 3 wherein R is an integer inclusively between 
two and six. 

5. An image classification system as recited in claims 3 or 4 wherein each output of each stage is a 
function of at least two scalar inputs to that stage, said two scalar inputs being provided as outputs 

1 5 from the previous stage for all stages but a first of said R stages. 

6. An image classification system as recited in any one of the preceding claims wherein said 
lookup table each of said indices has a classification component and a quantization component, 
said classification component identifying respective ones of said classes, said quantization 
component identifying a respective codebook vectors. 

20 7. A method of designing a lookup table for image classification, said method comprising the 
steps of: 

selecting preclassified training images; 

converting said training image into a sequence of image vectors; 

designing a codebook of reconstruction vectors using an iterative procedure that maps said 
25 reconstruction vectors many-to-one to said classes so as to progressively reduce the classification 
error associated with said training sequence; and 

assigning said image vectors many-to-one on a proximity basis to said reconstruction vectors 
so that each of said image vectors is assigned to the class associated with the associated 
reconstruction vector. 

30 8. A method as recited in claim 7 wherein said reconstruction vectors are assigned one-to-one to 
respective codebook indices. 
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9 . A method as recited in claims 6 or 7 wherein said sequence of image vectors are defined in 
an N-dimensional space, and said training image has elements classifiable among a set of M 
classes. 

1 0. A method as recited in claim 9 wherein M < N. 
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